ON THE CONTINUOUS COHOMOLOGY OF 
DIFFEOMORPHISM GROUPS 



M.V LOSIK 

Abstract. Suppose that M is a connected orientable n-dimensional mani- 
fold and m > 2n. If H'(M, R) = for i > 0, it is proved that for each 
m there is a monomorphism H"^(Wn,0{n)) //^j^^ (Diff Af, R). If M is 
closed and oriented, it is proved that for each m there is a monomorphism 
H"^{Wri,0{n)) H^;7t"(Diff+ M,R), where Diff+ M is a group of preserv- 
ing orientation diffeomorphisms of M. 



1. Introduction 

Let M be a connected orientable n-dimensional manifold. Denote by D the 
group DifF M of diffeomorphisms of M and by 25+ the group of diffeomorphisms of 
M preserving the orientation of AI whenever M is oriented. Later we consider D or 
as an infinite-dimensional Lie group by [12] and use the calculus of differential 
forms and vector fields on infinite-dimensional manifolds developed in this book. 

In the present paper we study the continuous cohomology M) and 

^cont {^+ J ^) of the groups D and D+ with values in the trivial D and £'-|--module 
M. The main known result about the cohomology 7?*o„t(G'+, R) is Bott's theorem 
([4]) about (n + l)-cocycles on the group iD+ for the closed oriented M. These 
cocycles are obtained from some (2n + l)-cocycles of the complex C*(W„,0(n)) 
of relative with respect to the group 0(n) cochains of the Lie algebra of formal 
vector fields Wn and are expressed via integrals using a Riemannian metric on M . 
Moreover, for M = 5'^ it is known ([5]) that the cohomology (-D+ , M) is a ring 
with two generators a,/3 G -ff^(D+,]R) which satisfy the only relation 0^ = 0. 

Next, for brevity, put m{D) = Hl^^^{{D,m), HP{D+) = 7J^„„t(L>+, R), and 
HP{M) = HP{M,R). Let H'{M) = for i > 0. We prove that in this case, 
for each m > 2n, there is a monomorphism H™{Wn,0{n)) H"'^{D). Let M 
be closed and oriented. We prove that in this case, for each m > 2n, there is 
a monomorphism H'^{Wn,0{n)) In particular, in the last case 

Bott's cocycles define a part of the monomorphism above for m = 2n -I- 1. 

The main idea of the proof is the following. Denote by r2*(M) the de Rham 
complex of the mahifold M and by Vect M the Lie algebra of vector fields on M. 
First we interpret H*{D) in terms of some double complex. Then we compare the 
cohomology of this double complex with the diagonal cohomology of the double 
complex C^(Vect M; n*{M)) of the Lie algebra Vect M with values in the Vect M- 
module Q,*{M) and use the known facts on this cohomology. 

Section 2 contains the main algebraic constructions which will be used after- 
wards. Namely, one introduces a double complex C*o„t (G; K) for a topological 
group G acting on a topological cochain complex K, one recalls some results on the 
cohomology H*{Wn) of the Lie algebra Wn of formal vector fields and the relative 
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cohomology H* {Wn,0{n)), the space S{M) of frames of infinite order of M and 
the canonical Gelfand-Kazhdan form with values in W„ on S{M). 

In section 3 one proves the theorem showing how to construct the cocycles of the 
groups D and D+ from cocycles of the complex H*{Wn, 0(n)) (Theorem 3.3, corol- 
laries 3.4 and 3.5). Moreover, one recalls the definitions of the diagonal cohomology 
for the Lie algebra Vect M with values in R and il* (M) and the relationship be- 
tween the cohomology of the double complex C2^(Vcct M; n*{M) and the diagonal 
cohomology i?^(Vect M). 

Section 4 contains the definition of the diagonal complex ^*^{D x M), the filtra- 
tion of ^'/^{D X M) and the corresponding spectral sequence, and the proof of the 
cohomology isomorphism H*{Vt\{D x M)^) = H *^{Yect M\D.*{M) (Lemma 4.2). 
Finally, one obtains the main result on the cohomology H*{D), when W{M) = 
for i > (Corollary 4.10), and on the cohomology H*{D^), when M is a closed 
oriented manifold (Corollary 4.11). 

Throughout the paper M is a connected n-dimensional oriented manifold with 
countable base of C°°-class, smooth map means C°"-map and, for a finite or infinite 
dimensional manifold X, fl*{X) = (O^'(X)) means the de Rham complex of X. 

2. Preliminaries 

2.1. A double complex. Let G be a topological group and let isT be a left 
topological G- module. Recall (see,for example, [8]) that the standard complex 

C*^^^{G,K) = {C^^^^{G , K) , d} of continuous nonhomogeneous cochains with the 
differential d = {d^} is defined as follows: for p > Q, C^^^^.{G,K) is the space of 
continuous maps from to K, C°{G, K) = K, and, for c € ^^^^^(G, K), we have 

{d''c){gi, . . . ,5p+i) = gic{g2, ■ ■ • ,ffp+i) 
p 

+ ^{-^T'^cigi,. . . , giQi+i, gp+i) + {-l)P+'^c{gi, . ..,gp), 

i=l 

where gi,. . . , pp+i e G. The pth cohomology group of this complex is denoted by 
^cont ^) ^^'^ is called the p th continuous cohomology group of G with values 
in K. 

Let G be a topological group, K = {K'^, d'} a cochain complex such that each 
K"^ is a left topological G-modulc, and d"? : if K'^^^ a G-cquivariant continuous 
homomorphism of modules. Later we consider the following construction of a double 
complex G*Qnt(G;i^) and some of its applications ([14], [15]). 

Let : C^„,,^{G, K'i) G^+t(G', Ki) be the differential of the standard com- 
plex G^Qjj^(G, JsT'). By the standard way we will consider Gl^^^{G,K) as a double 
complex putting 8i = {^i'^}, where 5^'' = d^'', and defining the second differential 
82 = {82'''} in the following way: for c e C^^^^^{G, K'i) we put 

S^ci-) = i-lfd^ci.). 

Then C*^^^{G,K) = {G^q,jj(G, X"?)} is a cochain complex with respect to the total 
differential 6 = 61+62 and the total grading G'"(G,if) = (E>p+q=rnC^^ni{G, K'i)}. 
We denote this complex by G*q„^(G; K) and denote by H^^^^{G; K) the pth coho- 
mology group of this complex. 

Let K'^ be the subcomplex of G-invariant cochains of K. Evidently K'^ C 
C^{G,K) is a subcomplex of the complex C*^^^{G;K) and we have the corre- 
sponding cohomology homomorphism H*{K'^) H*{G;K). This cohomology 
homomorphism will play an important role in the following constructions. 

Next we mainly consider the case when K = {K'i} is a diff'erential graded algebra 
(briefly DG-algebra) and the differential d = {d'} is an antiderivation of this algebra 
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of degree 1. Then C*^^^{G; K) is a i'G- algebra also and the total differential is an 
antiderivation of this algebra of degree 1. 

Let f : K' K" be a G-cquivariant homomorphism of topological G-complexes. 
It is easy to check that / induces a homomorphism of the corresponding double 
complexes and, therefore, a homomorphism of complexes C*{G; K') — > G*(G; K"). 

2.2. The cohomology H*(Wn). Let g be a topological Lie algebra and let E 
be a left topological g- module. Recall (see, for example, [8]) that the complex 
G*Qjjt(0,i?) = {C^om(0, -E), (i''} of standard continuous cochains of g with values 
in E is defined as follows: CI^^^{q,E) is the space of continuous skew-symmetric 
g'-forms on g with values in E and the differential dP : CI^^^{q, E) C^tntiz^ ^) is 
defined by the following formula: 

9+1 
i=l 

+ ^(-iy+^c(K.,e,],6,---,S,---,S,---,?,+i), 

i,j 

where c € C^ontis^ Cii • • • ; ^9+1 € g, and, as usual, ^ means that the term ^ is 
omitted. Wc denote the cohomology of this complex by i7*Qjjj(g, R) = {H^^^^ {q, R)}. 

If E is an algebra and the action of g on is compatible with this algebra 
structure, the complex C*^^^{q,E) is a graded algebra with respect to the exterior 
product of forms induced by the product in E and the diflferential d = {rf^} is an 
antiderivation of the graded algebra G*(g, E) of degree 1. 

Let Wn be the algebra of formal vector fields in n variables, i.e. the topological 
vector space of 00-jcts at of smooth vector fields on M" with the bracket induced 
by the Lie bracket of vector fields on M". Consider M as a trivial VF„-module. For 
brevity, put G*(VF„) = G*„„t(W^n,K) and H^iW^) = i/,Vt(W^n,M). 

Recall some facts about the cohomologies H*{W„) and H*{W„,GLn{W) ([1], 
[5], [7]). Consider the complex C*{Wn) = {G«(W„),d'^} of standard continuous 
cochains of W„ with values in the trivial W„-module M. By definition, C*{Wn) is a 
DG- algebra and the differential d is an antiderivation of degree 1. For ^' G ]R[[R"]] 
and^ = Er=ir^€W'„, put 

where {i = 1, . . . , n) are the standard coordinates in R". By definition, we have 
c]^,,,j^ S G^(W„). Moreover, Cj^ for r = 0, 1, . . . and . . .jr = 1, . . . ,n are 
generators of the DG-algcbra C*{Wn)- Since d = {d*?} is an antiderivation of degree 
1 of C*{Wn), it is uniquely determined by the following conditions: 

n 

dci . = y y yc]. ^ ^ . ac' , . (2.1) 

o<k<r si<...Sk (=1 

The group GL„(R) acts naturally on C*{Wn) and its Lie algebra g[„(R) as the 
Lie algebra of vector fields with linear components is a subalgebra of W„. Then 
we have the complex G*(W„, GL„(R)) of relative cochains of the Lie algebra W„ 
with respect to GL„(R) and the cohomology GL„(R)) of this complex. 

Similarly, we have the complex G*(W„, 0(n)) of relative cochains of the Lie algebra 
Wn with respect to the orthogonal group 0(n) C GL„(R) and the cohomology 
H*{Wn,0{n))- 
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Put 

n 

7 =(4)' *i=E4/i^c^ and M/ = (*}). 
fe=i 

It is known that 

*p = tr( j[' A ■ ■ ■ A (p = 1, . . . , n). 

p times 

are cocycles of C*(W^„, GL„(M)) and the cohomology classes of these cocycles gen- 
erate H*{Wn, GL„(M)). The cohomology class of is called fcth formal Pontrjagin 
class. 
Put 

7p = tr(7A---A7) {p=l,...,n}. 

2p-l times 

By definition, 7p e C^P^^{Wn). Consider the inclusion 0[„(IR) C Wn- It is 
known that as a cochain of the complex C*(fl[„(IR),M) is a cocycle and the ring 
if*(0[„(R), K) is the exterior algebra of its subspace spanned by the cohomology 
classes 7p for p = 1, . . . , n. Moreover, there is a (2p — l)-cochain Fp of the complex 
C*{Wn) such that the restriction of Fp to 0t„(M) equals 7p and dFp = Consider 
the DG-subalgebra of fG-algebra C* {Wn) generated by Fp and \l/p for p = 1, . . . , n. 
Then the inclusion of this subalgcbra into C*{Wn) induces an isomorphism of the 
cohomologies. Moreover, the cohomology classes of the cocycles 

Fpi A • • • A Fp, A A • • • A (2.2) 

1 < pi < ■ ■ ■ < pi < n, 1 < ri < ■ ■ ■ < rjn < n, pi < ri, ri + h < n, and 

Pi + ri-\ \-rm > n give a basis of H*{Wn) (the so-called Vey basis) as a vector 

space. This implies that iI™(W„) = whenever m < 2n + 1 or m > n{n + 2). 

2.3. The space of frames of infinite order and the Gelfand-Kazhdan form. 

Let M be a connected orientable n-dimensional smooth manifold. Denote by S{M) 
the space of frames of infinite order of M, i.e. oo-jets at of germs at of diffeo- 
morphisms from M" into M. It is known that S{M) is a manifold with model space 
([!])• Recall that we denote by D the group of diffeomorphisms Diff M of M. 
We put, for 51,52 G D, 5152 = 92 o Qi- Then the standard action of £> on M is a 
right action. Evidently this action of D is naturally extended to an action of D on 
S{M). 

Define the canonical Gelfand-Kazhdan 1-form uj with values in Wn on S{M) ([6] 
and [1]). Let r be a tangent vector at s e S{M) and let s{t) be a path on S{M) 
such that r = ^(0). One can represent s{t) by a smooth family kt of germs at 
of diffeomorphisms M" M, i.e. s{t) = Jo'kt. Then put 

Theorem 2.4. ([1], [6], [10]) The form co satisfies the following conditions: 

(1) oj induces a topological isomorphism between the tangent space Tg of S{M) 
at s e S{M) and Wn, 

(2) da; = — ^[a;,a;] (the Maurer-Gartan condition); 

(3) The form u is D-invariant. 

This theorem and the theorem on the covering isotopy of imbeddings of disks 
([2], [18]) implies the following 

Corollary 2.5. The group D acts transitively on S{M). 
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Let c e C«(VF„). For each s G S{M) smd Xi, . . . , Xq G T„ put 

Uc{Xu...,Xq)=c{cu{Xl),...,L0{Xq)). 

By theorem 2.4, c ojc is an injective homomorphism of the complexes a ; 
C'(W^n) fl*(S{M)). By theorem 2.4 and corollary 2.5, there is a one-to-one 
correspondence between the space of ZJ-invariant forms on S{M) and the space 
of continuous skew-symmetric forms on the tangent space Tg at s G S{M). Then 
a{C\Wn)) = n*{S{M))^, where n*{S{M))^ is the subcomplex of D-invariant 
forms from n*{S{M)). Moreover, we have a(C(VK„, 0(n))) = f7*(5(M)/ 0(n))^. 
It is easy to check that (/?]) = —{a{cj)) is a connection form on a principal GL„(M)- 
bundle S{M) S'(M)/ GL„(M). 

Consider a Riemannian metric on M and the corresponding Levi-Civita connec- 
tion. Denote by 0{M) the principal 0(n)-bundle of orthogonal tangent frames on 
M. For each frame r G 0{M) at a; e M, denote by a{r) the oo-jet at x of the 
inverse of the geodesic chart with center at x uniquely determined by r. Then we 
have a smooth map a : 0{M) S{M). 

Denote by = (6**) the canonical 1-form 6 = (6'^) with values in M" on 0{M) 
and by = {6'^) the form of the Levi-Civita connection. It is easy to check that, 
for uij = a{Cj) and — a{Cj), we have 

a*uj' = -9' and a*(jj} = -9]. (2.3) 

Let c*^ G C^(W„). For a vector field X on M, denote by X the corresponding 
extension of X to S{X). Put ^^...j^ = a(c*^ j^). By definition, we have 

where x e M and the right hand side is calculated in the coordinates x^ presenting 
s G S{M). 

2.6. The cohomology iJ*(W„, 0(n)). Consider the basic cocycles (2.2). For odd 
p it is possible to choose jp and Tp so that the restriction of 7 is a cocycle of 
C*{Wn,0{n)) and Tp G C*(W„,0(n)) ([5], [7]). In this case we replace such jp 
and Tp by Xp and Ap respectively. 

Consider the £)G-subalgebra of i^G-algebra C*{Wn,0{n)) generated by for 
odd p < n and ^p for p = 1, . . . ,n. Then the inclusion of this subalgebra into 
C*{Wn, 0(n)) induces an isomorphism of the cohomologies. Besides, the cohomol- 
ogy classes of cocycles 

Cpi...p,,ri...rfc = Ap, A • • • A Ap, A A • • • A (2.5) 

for odd Pi such that 1 < pi < ■ ■ ■ < pi < n, 1 < ri < ■ ■ ■ < Vk < n, pi > n, n + 

hrfe < n, and pi+ri-\ \-rk > n give a basis of the cohomology i?*(W„, 0(n)) 

as a vector space in dimensions > 2n. In particular, for each dimension m > 2n 
we have H™-{Wn,0{n)) C H'^{Wn)- Moreover, for to > n the cohomology group 
H'^{Wn,0{n)) may be nontrivial only if 2n + 1 <m< ZiilLh^i^ when n is even, and 
2n + 1 < m < when n is odd. 

Next we find the explicit expressions for Ap for odd p. 

Put a;. = i(c} + cJ), A = (Aj), and 

Ap = tr(A A • • • A A) (j? = 1, . . . , n). 

2p-l times 

It is easy to check that the restriction of Ap to 0t„(K) belongs to C*(fl[„(M), 0(n)) 
and Ap = for even p. 
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Let P be a homogeneous GL„ (R)-invariant polynomial of degree p on the Lie 
algebra We denote by P the symmetric p-linear form on flt„(M) such that 

P{X, ...,X)= P{X). Then for X, Xi, . . . , e flI„(M) we have 

p 

^P(Xi,...,[X,X,],...,Xp)=0. (2.6) 

If w is a linear form with values in fl[„(R) and, for i = 1, . . . ,p, is a fcj-linear 
form with values in 0t„(M), (2.6) imphes the equality 

...,[cj,cOi],...,ujp) = 0. (2.7) 

i=l 

Put aj = ^{c)-4) and a = (a}). By definition, A}, a} G C^{W„). By (2.1), we 
have 

n ^ 

dx] = (At A + A A,^) + -(*} + ^). 

k=l 

This formula could be rewritten as follows: 

dA= [a,A] + ^(* + ^'*). (2.8) 

Similarly, we have 

rf*= [A,0] + [a,*], (2.9) 
d^* = -[A,**] + [a,**]. (2.10) 

Let P be a g[„(IR)-invariant {a + h + c)-linear form on 0t„(K). Then 

P( V^, 5'*,...,^* ) 

a times b times c times 

is a cochain of C"»+2''+2'=(W„, 0(n)). Since [A[A,A]] = 0, by (2.7), (2.8), (2.9), and 
(2.10), we have 

dP(A,...,A,vl/,...,vl/,vl/*,...,M/*) 

a 

= ^(-l)'-ip(A,..., * + **,..., A, *,**,...,**) 

+ (-l)«^P(A,..., A, [A, *],..., *,**,...,**) ^^"^^^ 

C 

-(-l)'^^P(A,..., A, [A, M/*],...,M/*). 

/s=l 

Let Q be a homogeneous invariant polynomial of degree p on g[„(M). For brevity, 
put Q{X, X') = 0(X, X', . . . , X') and Q{X, X' , X") = Q{X, X', X", X"). Let 
Qp{X) = tiXP. Then we have 

Qp{Xi, Xp) = — X/ ("'^'^(i) • • • "^o-(p)) ' 

where Sp is the symmetric group. 

For odd p, put *(t) = + ^(t - 1)** + (i - t'^)[X, A]. It is evident that 
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On the other hand, by (2.8), (2.9), (2.10), (2.7), and (2.11) we have 

^ j^Qp{^{t))dt=p (Qj,(2-i(* + **),*(t)) + (l-2i)Qp([A,A],*(i))) rfi 

= pj^ (^^(2-^(4- + *'), *W) - 2-'(p - l)i(2i - l)Qp(A, [A, M/(t)) 
- (p - l)(i - l)2-i(2i - l)Qp(A, [A, *(i))) rfi = pd^' gp(A, *(t)) dt. 

It is easy to see that the restriction of Qp{X, *(t)) dt to C*(0t„(M), M)) equals 
— — -jyAp. Therefore, one can put 



(p+l)...(2p+l)- 



3. COCYCLES ON DIFFEOMORPHISM GROUPS 

3.1. The definition of cocycles. Later we need the following theorem. 

Theorem 3.2. Let M be a connected orientable manifold. Then, in the category 
of topological vector spaces, for each p > we have the following decomposition 

fiP(M) = dnP-\M) ffi HP{M) ® nP{M)/ZP{M), 

where Zp{M) is the space of closed p- forms. If HP{M) = 0, dVLP-^{M) = ZP{M) 
and 9P{M)/ZP{M) are Frechet spaces. 

Proof. For a compact M the statement follows from the Hodge decomposition for 
the identity operator 1 on Op(M): I = do 5 o G ® Hp{M) ®SodoG (see, for 
example, [20]). 

For a noncompact M, the statement follows from Palamodov's theorem ([17], 
Proposition 5.4). □ 

The action of D on M induces the natural right actions of D on S{M) and 
S{M)/ 0(n) and the induced left actions on the de Rham complexes Q*{S{M)) and 
n*{S{M)/0{n)). Consider the D-module n*(5(M)/ 0(n)) and the corresponding 
complex C*o„t(D; n*{S{M)/ 0{n))) . If the manifold M is oriented, denote by 
the subgroup of D of diffeomorphisms preserving the orientation of M. 

Further we consider the complex Q*{S{M)/ 0{n))^ as a subcomplex of the com- 
plex C*{D;n*{S{M)/0{n)). 

The proof of the next theorem shows how to construct cocycles on the group D 
from the cocycles of the complex Ct*{S{M)/ 0(n))^. 

Consider a structure of D- module on a cohomology group W(M) induced by 
the action of the group D on 0*(M). 

Theorem 3.3. Let v he an m-cocycle of the complex ^* {S{M) / 0{n))^ and < 
p <m-l. Assume that H'^-PiM) = ■■■ = H"'{M) = and H"'-p-'^(M) ^ 0. 
Then the following statements are true: 

(1) There are cochains Vi,m-i-i e C^ont(-D; n"'-'-^{S{M)/ Oin)) (i = 0, . . . ,p) 

such that V + 5(l'o,Tn-l H 1- t'p.m-p-l) = ^l^'p.m-p-i; 

(2) c{v) = 6iuj,,m-p-i G CP+^{D;Q^-P-HSiM)/ 0{n)) defines a (p + 1)- 

cocycle of the complex CP^j^^{D, H"^~p~^{M). The cohomology class h{v) 
of the cocycle c(i^) depends only on the cohomology class of the cocycle v in 
the complex f2*(5'(M)/ 0(n))^; 

(3) The map v i— > h{v) induces a linear map 

H^{Sl*{S{M)/0{n)f) ^ HP+2,{D,H"^-P-\M)). 
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Proof. Denote by R{M) the space of cx)-jets of of germs of Riemannian metrics at 
points of M. Let gx be the oo-jet at a; e M of a germ at x of Riemannian metric 

g. For an orthogonal frame r at x, denote by s{r) the cxD-jet at the center x of the 
inverse of the geodesic chart defined by r and the Riemannian metric g. It is evident 
that s(r) is uniquely determined by the oo-jet gx- Then the map r i-^ s{r) induces 
a diffeomorphism R{M) S{M)/0{n). Next we identify R{M) and S{M)/0{n) 
by this diffeomorphism. 

Consider some Riemannian metric g^ on M and the smooth map a : 0{M) — s- 
S{M) defined by gg in 2.3. Let a : M ^ S{M)/ 0{n) be the smooth map induced 
by a. Consider a smooth map F : [0, 1] x R{M) R{M) defined by 

(i, gx) ^ (tgo + (1 - t)g)x = tg^.x + (1 - t)gx, 

where go^x and gx are the oo-jets at x of germs at x of Riemannian metrics go and g. 
It is clear that F is a smooth homotopy between the identity map of R{M) and the 

composition of the projection p : R{M) M and the section a. Then we have the 
standard homotopy operator $p : nP{S{M)/ 0{n)) nP-\S{M)/ 0{n)) given by 
u) i-> i{-g^)F*u! dt, where i{X) denote the inner product by a vector field X. In 
particidar, we have H* (SiM)/ 0{n)) = H*{M). 

First we indicate some canonical construction of the sequence of cochains 

satisfying the conditions of the theorem. 

By assumption, we have $"'(M) = and p > 0. Suppose that m > n. Then, 
for the (m — l)-form i'o,m-i = —H"^{u), we have u = —52Vo,m-i- If m < n, we 
use theorem 3.2 to get the (m — l)-form vo^m-i satisfying the same equality v = 
— ^2fo,m-i- In the both cases one can assume that i^o,™-! G C'°o„t(D; 0'"^^(M)). 
Then we have v + (5fo,m-i = ^it'o,™-! and (52(5ifo,m-i = —5i52Va.rn-i = 5iv = 0. 

Let p > 1 and, therefore, H"^~^{M) = 0. Suppose that to — 1 > n. Then, for the 
cochain i'i^m-2 = ^"^'^{'^i,m-i), we have Sivo^m-i — — ^2'^i,m-2- If to — 1 < n, we 
use theorem 3.2 to get a cochain i^i,m-2 & C'cont(-^; f2™~^(M)) satisfying the same 
equality (Jii'o.m-i = -h'^i,m-2- Thus, we have u + d{iyQ^rn-i + ^i,m-2) = <5iz^i,m-2 
and 

^2^l!^l,m-2 = —Sl52l'l,m-2 = ^li^O.m-l = 0. 

Using the conditions 

if™-2(5(M)/ 0(n)) = • • • = (^(M)/ 0(n)) = 

and proceeding in the same way we get for i = 1, . . . ,p the cochains Ui^m-i-i € 
0™-'-i(S'(M)/ 0(n)) such that 

^l^'i-l,m-i + S2l^i,m-i-l = (3.1) 

and so 

u + d{uo,m-i + ■■■ + i^p,m-p-i) = Siup,m-p-i S C^+^D, O^-P"! (5(M)/ 0(n)). 
Moreover, we have 

S2Sll'p,m-p-l = —Sl52l'p,m-p-l = ^l^^p-l.m-p = 0. 

Consider F™-p-1(5(M)/ 0(n)) = H"'-p-'^{M) as a D-module with respect to the 
natural action of D. Then the cochain Siiyp_rn-p-i defines a (p+ l)-cocycle c{iy) on 
D with values in H"^^p~^{M). The cohomology class of c{i') is denoted by h{i'). 
We claim that the cohomology class h{i') depends only on the cohomology class of 
u in the complex 0*(S'(M)/ 0(n))^. 
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If we replace the form by a form v + dvi, where vi G ^'^~^{S{M)/ 0(n)) fl 
Q.*{S{M)/ 0(n))^, one can replace the sequence i'o,m-i, • • • ,i'p,m-p-i by the se- 
quence fo,m-i — z^i, ^'i,m-2, ■ ■ ■ , i'p,m-p-i and obtain the same cochain Up^m-p-i at 
the end. 

Consider another sequence C'o,m-i, ■ ■ ■ , t^p,m-p-\ = 0, . . . , jj) such that 
V = -^2f'o,m-i and 5ii>i_i^m_i + 52i'i,m-i-i = 
for i = 1, . . . ,p. The same arguments as above show that 

VQ,m-l = J^O.m-l + ^2^0, m-2, 

where cro,m-2 e C"(i:); ri""2(M)). If p = 1, we have 5ir?o,m-i = (Jit'o.m-i - 
^2^io'o,m-2 and we are done. If p > 1 we have 

5lVQ,m-l = '^lt'0,m-l — ^2^lC0,m-2 = — <52(!^l,m-2 + ^lO'0,m-2) = — ^2S'l,m-2- 

For i = 1, . . . ,p — 1 proceeding in the same way we get the cochains ai^m-i-2 G 
CiondD] 0'"-*-2(5(M)/ 0(n)) such that 

i^i,m-i-l = l^ijUi-i-l + ^lCj-l,m-i-l + ^2<yi,m-i-2- 

In particular, we have 

^p,m— p— 1 ~ ^p,m— p— 1 ~t~ ^l^^p— l,m— p— 1 ~t~ ^2(^p,m—p—2 

and 

^ll^jm-p-l = '^ll'pjm-p-l — ^2Cp,m-p-2- 

Thus, the cocycles SiDp ^-p-i and ^ifp.m-p-i define the same cohomology class of 
H^+^,{D,H"^-P-\M)). 

The last statement of the theorem follows from the construction. □ 

Theorem 3.3 implies the following corollaries. 

Corollary 3.4. Let H^{M) = for i > 0. Then, for each nontrivial m-cocycle v of 
the complex C*(W„,0(n)) = n*(S'(M)/ 0(n))^, the cocycle c{i') is an m-cocycle 
of the complex C*{D). The map v i— > h{y) induces a linear map 

H"'{Q.*{S{M)/0{n))^) H'^{D). 

Corollary 3.5. Let M he a closed oriented n-dimensional manifold and let be 
the group of diffeomorphisms of M preserving the orientation of M. Form > n and 
each m-cocycle v of the complex Q* {S {M) / 0{n))^ , /^c(j^) is a {m — n)-cocycle 
of the complex C*{D+) presenting the cohomology class h{i'). The map u i— > 
induces a linear map H'^{Vl*{S{M)/ 0{n))^) 

Proof. Since H^{M) = for i > n and H"{M) = R one could apply theorem 3.3. 
Evidently, all statements of theorem 3.3 are true if we replace the group D by the 
group Z)+. But then Jj^ c(i/) presents the cohomology class h{i'). □ 

The main aim of the paper is to prove that, for m > 2n, the linear maps 
and 

if'"(W„,0(n)) = i?'"(f2*(5(Af)/0(n))^) ^ 

induced by the maps v h{u) and u Jj^ c(i^) from corollaries 3.4 and 3.5 are 
monomor phisms . 
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3.6. The diagonal cohomology of the Lie algebra Vect M. Denote by Vect M 
the Lie algebra of smooth vector fields on M. We consider Vect M as a topological 

vector space with respect to the C°°-topology. Consider the complex C*(VectM) 
of standard continuous cochains of Vect M with values in the trivial Vect M- module 
M and its subcomplex formed by chains c G C*(Vect M) such that for Xi, . . . , e 
Vect M we have c{Xi, . . . , Xg) = whenever Pif^i suppX^ = 0. This subcomplex 
is denoted by C^^ (Vect M) and is called the diagonal subcomplex of C* (Vect M) 
([5]). The cohomology of C2,(Vcct M) is denoted by H^{Yect M) and is called the 
diagonal cohomology of Vect M with values in M. 

Consider the left action of the Lie algebra Vect M on the dc Rham complex 
n*{M) by the Lie derivatives: ui i-> Lx oj, where uj G VL*{M), X e Vect M, and Lx 
is the Lie derivative with respect to the vector field X. Let C*(VcctM, fl*{M)) be 
the complex of standard cochains of the topological Lie algebra Vect M with values 
in the VectM-modulc Q*{M). 

A cochain c e CP(Vcct M, ni{M)) is called diagonal if for Vi, . . . , Xp e Vect M, 
the value c(Vi, .... Xp) at x E M depends only on the germs of Vi, . . . , Xp at x. By 
[19], this condition is equivalent to the following one: for Xi, . . . , Xp € Vect M and 
X € M, the value c(Xi, . . . , Xp) a.t x £ M depends only on oo-jets of Xi, . . . , Xp 
at x. Denote by C^(VcctM, fl*(M)) the set of diagonal cochains of the complex 
C*{YectM,n*{M)). It is easy to sec that C'*^{Vcct M,n* (M)) is a subcomplex of 
the complex C*(Vect M, n*{M)) The subcomplex C2,(Vect M. 0*(M)) is called the 
complex of diagonal cochains of the topological Lie algebra Vect M with values in 
the Vect M-module n*{M). The cohomology of C2,(Vect M, n*{M)) is denoted by 
ff^(Vect M, f2*(M)) and is called the diagonal cohomology of Vect M with values 
in n*{M). 

Denote by Vectc M the Lie algebra of vector fields on M with compact supports. 
By definition, each diagonal cochain cochain c G C^(Vect M, f2^(M)) is uniquely 
determined by its values on the subalgebra Vectc M of the Lie algebra VectM. 
Define the complex (Vectc M, 17* (M)) of diagonal cochains of the topological 
Lie algebra Vectc M with values in the Vectc M-module il* (M) similarly. Remark 
that the map (Vect M,r2*(M)) (Vectc M, f7*(M)) induced by the inclusion 

Vectc (M) C Vect(M) is an isomorphism of complexes. 

Since the Lie derivative and the exterior derivative on i7*(M) commute, one 
can endow C^(Vect M, i}*{M)) with the second differential induced by the exterior 
derivative on i}*(M). We denote by C2^(Vect M; i}*{M)) the corresponding double 
complex with respect to the total differential and denote by iJ^(Vect M; f2*(M)) 
the cohomology of this complex. By the remark above, we see that the inclusion 
Vectc (M) C Vect(M) induces an isomorphism of double complexes 

C2,(VectcM;0*(M)) ^ C*^{Vect M;n*{M)). 

It is clear that C2^(Vcct M; f2*(M)) is a DG-algebra and its differential is an an- 
tiderivation of degree 1. 

Let M be a closed oriented n-dimensional manifold. Consider a map 

V' : C^(Vect M; n*{M)) C*(Vect M) 

defined as follows: for < g < n put V(CA(Vect M; 0«(M))) = 0, for g = n and 
c e C^(Vect M; 17" (M)), put V(c) = Jj^ c. 

Theorem 3.7. (|9],[13]j The map is a homomorphism of complexes which in- 
duces an isomorphism H'^^{Yect M; 0*(M)) = iJ^(Vect M) for any p > 0. 
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4. The main double complex 

4.1. The complex U*{D x M) and its diagonal subcomplex. By [12], Vectc M 
is the tangent space Te{D) of D at the neutral element e € D. Then, for X G 
Vectc M and g E D, the corresponding left invariant vector field on D is the 
map g {Lg)^X and the corresponding right invariant vector field X'' on D is 
the map g {Rg)^X, where Lg is a left translation and Rg is a right translation 
on D. Note that, by our assumption, our multiplication in D differs from the 
multiplication in [12] by the order of factors. By [12], for X,Y E Vect^M we have 
[X\Y''] = -[X,YY. 

Consider the infinite-dimensional manifold D x M. Then we may consider the 
Lie algebra V{D x M) = Vect^ M © Vect M as a subalgebra of the Lie algebra of 
vector fi^Ms on D x M. 

Put VectcAf = {-X'- + X;X e Vectc M} and X = -X'' + X. Then Vcct^M is 
a subalgebra of the Lie algebra of vector fields on D x M, which is isomorphic to 
the Lie algebra Vectc M. Evidently, we have V{D x M) = VectcM ® Vect M. 

Consider the de Rham complex 17* (D x M). It is clear that each m-form lo G 
f2* [D X M) is uniquely determined by the corresponding continuous m-linear skew- 
symmetric form on V{D x M) with values in the ring of smooth functions on D x M. 

Introduce a bigrading of Q*{D x M) = (Bp,q^^'^{D x M) induced by the decom- 
position V{D X M) = YectcM © Vect M. Then ^¥"^{0 x M) consist of forms w e 
Q.*{DxM) which are uniquely determined by their values lo{X\, . . . ,Xp,Y\, . . . , Yq), 
where Xi, . . . , Xp G Vectc M and Yi, . . . , G Vect M . and the exterior derivative 
d = {dP'^} on ri* [D X M) is uniquely determined by the following standard formulas: 

{d^'iij){X^,...,Xp+r,Yr,...,Yq) 

= ^(-1)^-1 

i=l 

— ^^a;(Xi, . . . , Xi, . . . ,Xp+i; Y\,. . [Xi, K,], . . . , Yq)\ 

+ Y^{-lf+^u:{[Xi, Xj], ...X,. Fi, . . . , Yq), (4.1) 

i<j 

(rff«a;)(Xi,...,Xp;yi,...,y,+i) 
1=1 

+ J2{-iy+^u{Xr, ...,Xp; [Yu Yj], Y^,.. Yq+i)) , (4.2) 

i<j 

where w G ^^'(G x M), Xi, . . . , Xp+i G Vectc M and Fi, . . . , Yq+i G Vect M. 

A form (J G 0,P'^{D x M) is diagonal if the function uj{Xi, Xp-, Yi,...,Yq) 
at {g, x) E D X M vanishes whenever the germ of at least one of the vector fields 
X\,...,Xp at X equals 0. Denote by 17^(1? x M) the set of diagonal (p, g)-forms 
and put x M) = ©p+q=„02^'(£) x M). It is easy to check that x M) = 

{ri^(D x M)} is a subcomplex of n*{D x M). 

Consider an action of the group D on DxM induced by its action on D by right 
translations and the trivial action on M. This action induces a left action of D on 
Q.*{D xM). By definition, for w G ^^^{D x M) and g,hGD, we have 

(M(^i, ...,Xp-Yi,.. .,Yq){g,x) = a;(X[, . . .,X;;Yu . . . ,Yq){h o g,x). 
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It is easy to see that this action of D preserves the bigrading of ^*^{D x M) and 
the subcomplex Vl\{D x M) is Z?-stable. Denote by H^{D x M) the cohomology 
of the complex ^2^(1? x M) and by fl^{D x M)^ the subcomplex of D-invariant 

forms of the complex ^^{D x M). 

Lemma 4.2. There is a natural isomorphism of complexes 
n*^{D X M)^ = C*(YcctM;n*{M)). 
Proof. Note that, for u e x M)^ a.nd X, Xi, . . . , Xp,Yi, . . . , Xg, we have 

Xuj{Xi, ...,Xp;Yi,...,Yg)= Xlu{Xi, . . . , 1^; Yi, . . . , Yg). 

Consider an action of the Lie algebra Vect M on r2*(M) as follows: for X £ Vect M 
and w e f2«(M), put = L^ w. 

Recall the standard formula for the Lie derivative Lx oj of the form a; G n^(M) 
along a vector field X G Vect M. 

{Lx a;)(Fi, . . . , F,) = Xa;(yi, . . . , Fg) - . . . , [X, F^], . . . , FJ, (4.3) 

i=l 

where Fi , . . . , Fg G Vect M. 

Evidently, the form u G ^^{D x M)^ can be considered as a cochain of the 

complex CP^{V^^, n«(M)). Then, for uj G C^{D x M)^, using (4.1), (4.2), and 

(4.3), we get 

(df«a;)(Xi,...,Xp+i;-..) 

p+i _ 
= ^(-1)'""^ Lxi a;(Xi, . . .,Xi, . . . ,Xp_|_i; ■ • • ) 
j=i 

+ ^(-l)*+^a;([Xi,l,], . . . , J,, . . . . . . • • • ), (4.4) 

(rffM(^i,---,^p;n,---,n+i) 

= (-l)^'(^ F,^(Xi, . . . Fi, . . . , F,, . . . , Yg+,) 

i=l 

+ ^(-l)*+^a;(li, . . . , Xp; [F,, F,-], Fi, . . . , F^, . . . , F,-, . . . , F,+i)) . (4.5) 

Since X i— *■ X is an isomorphism Vect M = Vect M, comparing the differential of 
the complex Q(Vect M; Q*{M)) with the differential of the complex 0^(1) x M)^ 
defined by formulas (4.4) and (4.5), we see that these complexes are naturally 

isomorphic. □ 

Lemma 4.3. For any m,p,q we have 

(1) H^^^,{D, n^^iD X M)) = for m > 0; 

(2) HO^^^,{D,n^^{D X M)) = C7^(VectM;0'^(M)). 

Proof. Define the standard operator B = {B^^}, where 

BP^ : C^,^,{D,nP'i{D X M)) ^ ^^^''(^ x M)), 

as follows: for m > and c G C™„t(^' ^''^(-D x Af)), Put 

{B^c){gi, gm-i){-){g, x) = c{g, 51, • • • , gm-i){-){e, x), 

where g,gi,. . . , gm-i € D and x G M. For p = 0, put B'^^ = 0. 
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It is easy to check that for m > we have 

For c e C°o„t(£»,riP«(L) x M)), we have 

(Bf odO)(c)(-)(5,ar) = c{-){g,x) - c{-){e,x). 

Thus, B = {Bl^n ) is the homotopy operator of the identity map of the complex 
Cl^^^{D ,^¥"^{0 X M)) and the map which is trivial on the cochains of positive 
dimension and is equal c{-){g,x) ^ c{-){e,x) on C^^^^{D,iV"i{D x M)). Later we 
identify c(-)(e, a;) with the cochain c G Ccont(^> {QP'i{DxM))^ gweahy c{-){g,x) = 
c{-){e,x). 

Since B{C*^^^{D ,QF^){D x M)) C C*^^^{D,QF^{D x M)), the corresponding 
statements are true for C*{DAT^{D x M)). Note that one can consider the map 
c{-){g,x) ^ c{-){e,x) on C*',„tp, x M))^)) as the map 

Cl,,,{D,n^'^{D X M f ) ^ n^^iD X M)^ = Ci(VectM;17«(M)). 

These statements imply the claims of the lemma. □ 

By lemma (4.2), we have the following composition of homomorphisms of com- 
plexes 

Ci(VectM;f2*(M)) = ni{D x M)^ C 

C",ont{D;niiD x M)) C aU(D;171(D x M)). 

Corollary 4.4. The inclusion C^(Vect M; Q*(M)) c C*^^^{D;n*^{D x M)) in- 
duces an isomorphism ff^(Vect M; Q*(M)) = H*{D;Q.%{D x M)). 

Proof. Consider the second filtration of the double complex C* {D;il*^{D x M)) 
and the corresponding spectral sequence £'2,r- Bj^ lemma 4.3 we have E^l = 
for p > and E°^^ = CX(Vect M; It is evident that the differential di : 

£^2,1 E^^i^^ coincides with the differential of the complex C^(Vect M; f2*(M)). 
Then Ell E^^^ = for p > and E^l = E^^^ = if« (Vect M; 0*(M)). 

This implies the statement of the corollary. □ 

4.5. A filtration of C^(Vect M; f2*(M)) and the corresponding spectral se- 
quence. Denote by f7* the £>G-algebra of formal differential forms in n variables, 

i.e. the DG-algcbra of oo-jets at e K" of differential forms on R". It is clear that 
n* is a W„-module with respect to the action of W„ by the formal Lie derivatives 
L|, where ^ G Wn- Consider the complex C*{Wn, i^n) standard cochains of W„ 
with values in fi* and endow it with the second differential induced by the formal 
exterior derivative on . We denote by C* (W„; f2* ) the corresponding DG-algebra 
with respect to the total differential D and the total grading. For G K[[R"]] and 

e = Er=l/'3|lGW^n,PUt 

Jjl-Jry'i) dx^^...dx3r' 

where for i = are the standard coordinates in M". It is clear that 

fh-j. ^ C^^i^n^^D- Moreover, f-^ and dx^ for r = 0, 1, . . . and . . .jr = 
1, . . . ,n are generators of the DG- algebra G* {Wn ;^n)- Since D is an antidcrivation 
of degree 1 of DG-algebra C*{Wn; ^n)^ it is uniquely determined by the following 
conditions: 

n n 

Dfl...- E E E4...i:;...^:;....^4.....,-E/^.....Arf-' 

l<k<r si<...Sk 1=1 1=1 

and D{dx') = f] Adx\ 
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Consider the L»G-algebra C*(iy„)(g)A*((R")'), where (K")' is a dual vector space 
for M", with the differential which equals the differential of the complex C*{Wn) 
on the first factor and trivial on the second factor. 

Consider the generators Cj^ j^ of the DG-algebra C*{Wn) as cochains of the 
complex C*{Wn) A*((IR")'). Then cj^ and da;' are the generators of the 
DG-algcbra C*{Wn) ® A*((R")'). 

Consider a morphism jj : C*(W„;i7;) ^ C*(IK) ® A*((]R")') of graded algebras 
defined by the following conditions: 

fi{f) = dx'+c\ .J = 4 ...^ and tx{dx') = -c\ 

where r = 1, 2, . . . and = 1, . . . , n. 

Lemma 4.6. T/ie morphism ^ is an isomorphism of DG-algebras. 

Proof. It is clear that /x is an isomorphism of graded algebras. The formulas above 
for the differential D of the complex C*(W„;f2*) and (2.1) imply that /x is an 

isomorphism of DG- algebras. □ 

Consider again the L>G-algebra G^(VectM; n*{M)). First assume that M =U 
is a connected open subset of M". For X = -^^'^ ^ 'VectU, where X' is a 
smooth function on U, put 

By definition, we have G G^(Vect C/; Vl^{U)). By definition, the DG-algebra 

G2i(Vcct U] Vl*{U)) is generated by the ring of smooth functions on U , the chains 
(/?*^ ir h jiT ■ ■ T ir = 1, . . . , n and r > 0, and the forms dx"^ + ip^ for « = 1, . . . , n. 
Then the differential d of the complex G^(Vect J7; r2*(t/)) is uniquely defined by 
the following conditions: 

(1) For a smooth function / on f/ we have df = ^(^^^^ + '^')! 

(2) For r > we have 

n 

M...,.= E E E^k...i:;...j:;...>^^L...... 

0</c<r si<...Sfc 1=1 

n 

-E'^yi...>/^(^^' + ^'); 

;=i 

(3) d{dx' + 93*) = 0. 

It is clear that each cochain c £ G^(Vect J7 ; r2^(t/)) is uniquely represented as a 
sum of the cochains of the following types: 

/<^i..>, A • • • A ^^'^ ^■■■^ dx^'^ (4-6) 

where / e n°(C/) and < n < • • • < rp. 

If the germ at x £ f/ of the cochain (4.6) is nonzero the number rp is called the or- 
der of the cochain (4.6) at a;. If c G G^ (Vect M; W (M) ) is a sum of cochains of types 
(4.6), the maximal order of the summands at x is called the order of c at x and is de- 
noted by ord2;(c). By definition, we have ord2;(ci + C2) < max{ord2;(ci), ordj;(c2)}. 
It is easy to see that ordx(c) is independent of the choice of coordinates in U. 

Let M be an arbitrary manifold and let c e G^(Vect M; ^'(M)) and c 7^ 0. 
Then ord(c) is the maximum of orders of c for any x S M. If c = 0, we put 
ord(c) = \oo. 

Define a filtration Fg of the complex G^(VectM; 0*(M)) as follows: let c e 
G^(VectM;0«(M)), then c & \i ord(c) <p + q-s. It is clear that is a 
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subalgebra of the differential algebra C2^(Vect M; Q*{M)), F^^ AF^^ C Fsi+S2) and 
Fs C Fs-i. 

Consider the spectral sequence Er induced by this filtration. First consider the 
term £^o for M = J7 C M". By definition, we can identify Eq"^ with the vector space 
generated by cochains (4.6) of order s and the differential do : Eq ^ Eq is uniquely 
determined by the following conditions: 

(1) For a smooth function / on M, we have dof = 0; 

(2) For r > we have 

n 

0<k<r si<...Sk 1=1 

n 

1=1 

(3) do{dx^ + ip^) = Q. 

Then, comparing the differentials of the generators c% c*^^ ^ , and dx^ of the 
complex C*(W„) (g) A*((R")') with the differentials of the generators and 
dx"^ + f"^ of the complex (i?o,rfo), we sec that the complex (E^.d^) is isomorphic 
to the tensor product of the complex complex C*{Wn\ ^n) and the complex il^{U) 
with the trivial differential, i.e. we get 

E^ = Q°{U) ^ H*{Wn) ^ A*((M")'), 

where dx'^ + ip^ are generators of the exterior algebra A*((R")'). 

Let M be an arbitrary manifold. Using the partition of unity on M one can 
prove that Ei = W{M) ®H*{Wn)- It is clear that the differential di : Ei ^ Ei is 
trivial on H*{Wn) and is equal to the exterior derivative on f2*(M). Then we have 
E2 = H*{M)^H*{Wn). 

Remark 4.7. The differentials rf,. for r > 2 of this spectral sequence are calculated 
in [13] and [14]. Since the odd Pontrjagin classes of M are trivial, from this calcu- 
lation it follows that for m > 2n all elements of 0(n)) C H"^{Wn) C E2 
live in E^, i.e. 0(n)) C ^oo- 

4.8. The proof of main results. Consider a Ricmannian metric on M and the 
corresponding bundle 0{M) of orthogonal frames of M. Let a : 0{M) S{M) be 
a map defined in 2.3. 

Consider the map fa D x 0{M) — !■ S{M) given by 1-^ g{a{r)), where 

r e 0{M) and g E D. Consider the actions of Z) on Z) x 0{M) induced by 
the action of D on Z? by right translations and the trivial action of D on M. 
Then the map is £)-equi variant. Moreover, the map a is 0(n)-equivariant with 
respect to the natural actions of the group 0(n) on 0(M) and S{M). Then the 
map cr induces a smooth map cr : M — 0{M)/0{n) S{M)/ 0(n). Denote 
by fa the map D x M ^ S{M)/ 0(n) induced by the map f^. Consider the 
map /? : n*{S{M)/ 0{n)) n*{D x M) induced by Since the actions of D 
and 0(n) on D x 0{M) commute, the map /| is D-equivariant homomorphism of 
complexes. It is easy to sec that /?(0*(5(M)/ 0(n))) <zQ-*^{Dx M). Then we get 
a homomorphism of double complexes 

C,U(Z);0*(5(M)/0(n))) ^ C,U(iP;01(iP x M)) 

induced by /| and, by corollary 4.4, the corresponding cohomology homomorphism 

Ht,^,{D-n*{S{M)/0{n))) ^ Hl{\ectM-n*{M)). (4.7) 
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Moreover, we have the homomorphism 

n*{S{M)/0{n))^ ^ C:,,,{D;n*{S{M)/0{n)) 
and, hence, the homomorphism 

F„ : C*(W„,0(n)) = f2*(S(M)/ 0(n))^ ^ C^(Vect M; f2*(M)). 
Now we prove the main theorem. 

Theorem 4.9. Form > 2n, the map if'"(W„, 0(n)) ^ iJ*(VectM; 0*(M)) in- 
duced hy F„ oa is a monomorphism. 

Proof. Consider the homomorphism of complexes 

f! : n*{S{M)/ 0(n))^ ^ ftUD x M)^. 

It will be convenient to us to treat ^*^{D x M)^ as a subcomplex of the de Rham 
complex il*{D x 0{M)). Moreover, we will consider the forms of i^*^{D x 0(M)) as 
skew-symmetric multilinear forms on the Lie algebra of vector fields on £> x 0{M). 
Let X be the horizontal lift of a vector field X E Vcct M with respect to the 
Levi-Civita connection. Put VectM = {X;X G VectM}. Since we are interested 
only in forms from Cl%^{D x M)^, it suffices to us to consider these forms only as 
multilinear functions on the vector space Vectc M © VectM. 
Let {g,r) £ D x 0(M). Consider the linear map 

: T^g,r)iD X 0(M)) ^ T,(g,,)5(M). 

For X € Vect M, denote hy X a vector field on S{M) induced by X. Then we have 

{UUXn{9,r))=ga{a{r)), (4.8) 

where X e Vectc M, g ^ D, and r e 0(M). For the Gelfand-Kazhdan form lo, by 
refG-K we get 

rMXn{9,r) = {g*u,){X{a{r)) = u,{X){a{r)). (4.9) 

Recall that ^ = a(c*^ j^). Denote by Vi the operator of covariant deriva- 
tive with respect to the Levi-Civita connection. It is known that, for X e Vect M, 
r e cr(M), and the geodesic coordinates a;' corresponding to r, we have §^(0) = 
(VjX')(0). Then, by (2.4), on cr(M) in any coordinates on M we have 

Q^ + EVj^ (4.10) 

where F*^ are the Christoffel symbols for the Levi-Civita connection. 

Define two 1-forms V' and V*- on I? x 0{M) by the equations W^{X^){g,r) = 
X'{r), V*(F)(5,r) = 0, V]{X-){g,r) = VjX^{r), and V){Y){g,r) = where 
X e Vectc M, Y e VectM, X'(r) and VjX''{r) are the components of X and its 
covariant derivative with respect to the frame r € 0{M). Then, by the definition 
of covariant derivative, (2.3), (2.4) and (4.9), we get 

{f;u;^){X^ + Y){g,r)) = ~W\Xn{g,<j(r))-e\Y){<7{r)), (4.11) 

{f:co)){X^ + Y)ig,r) = ~\7){Xniair)), (4.12) 

where X G Vectc M, Y G VectM, and we identify the form 6*' on 0{M) with the 
corresponding form on D x 0{M). Since 6'^{Y){a{r)) = F*(cr(r)), we get 

{fW){X + y) = -{0' + V'){X + Y), (4.13) 

(/>})(! + y) = -v;.(x + F), (4.i4) 
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where X = -X"^ + X. 

Consider the cochains ipj G C^(W„, GL„(IR)) and * = (i/'j) introduced in 2.3 and 
put § = a(^'). Define a 1-form Vj^. on D x 0(M) by the equations Vjfe(X'')(5, r) = 
VjVkX'{a{r)) and Vi^{Y){g,r) = 0, where X G VectcM and Y G VectM. By 
the definition of covariant derivative and the properties of the curvature tensor of 
a Riemannian manifold, one could check that we have 

/;t(li + yi,l2 + ?2) 

= - fE^}fe^(^'+V')-E^}«^'^^' I (^i+n,^2 + F2), (4.15) 

\ k k,l ) 

where R^-^i are the components of the curvature tensor of the Levi-Civita connec- 
tion. 

Put Cj,i...p,,ri...rfc = Q;(cpi...p,,ri...r),), where Cp^...pi,ri...rk ^ the basic cocycle of 
the complex C*{Wn, 0(n)) defined by (2.5). Consider the cocycles /|(Cpi...p,,ri...rfc) 
of the complex n*^{D x Af)^ = C*o„^(Vcct M; n*{M)). Since a*0' = dx\ by (4.10), 
(4.11), (4.12), and (4.15), the leading term (with respect to the order of cochains) 
of /|(Cpi...p,,ri...rfc) equals the cocycle Cp^,„p^^ri...rk S C*(W„,0(n)) C Eq, where 
Ea = n^{M) ® A* ((M")') (g) H* (VF„, 0(n)) is the zero term of the spectral sequence 
studied in 4.5. It is easy to see that /|(Cpi...p,,ri...rfc) is a basic cocycle of the 
second term E2 of the spectral sequence. By the remark 4.7, for m > 2n we have 
H™{Wn,0{n)) C Eoo- Hence, for m > 2n, the map F^oa induces a monomorphism 
of i?'"(VK„,0(n)) into i7*(Vect M; f]*(M)). □ 

Theorems 4.9 and 3.7, corollaries 3.4 and 3.5 imply immediately the following 
corollaries. 

Corollary 4.10. Assume that Hp{M) = for p > 0. For each m > 2n the map 
F„ o a induces a monomorphism of H"^{Wn,0{n)) into H^{D). In particular, 
c{Cpi...pi,ri...rk) is a nontrivial m-cocycle of the complex C*{D) for m = 2{p\ + 
\-pi+n-\ hrfe) -Z. 

Corollary 4.11. Assume thai M is a closed oriented m,anifold. For each m > 2n 
the map F^- o a induces a monomorphism of H™(Wn,0{n)) into H™~"'{D^). In 
particular, c{Cp^,,,p,^ri...rk) is a nontrivial {m — n)- cocycle of the complex C*{D+) 
for m = 2{pi H \-pi + ri-\ \-rk) - I. 

There is a problem to find explicit expressions for the cocycles c(Cpj...p,.ri...ri.) in 
the cases of corollaries 4.10 and 4.11. In principal, it is possible under the conditions 
of corollary 4.10 whenever the manifold M is contractible and the homotopy for 
this contraction is given and under the conditions of corollary 4.11. For this one 
need to use formulas (2.12) and the procedure for the constructing of the group 
D in theorem 3.3. It is clear that thus we will get an expression for each cocycle 
c(C'pj...p,,ri...ri.) via integrals and a Riemannian metric on M. 

Example 4.12. Let M = R and let x be the standard coordinate on M. Then 
s G S(S.) is an 00-jet j^^k, where k{t) is a regular at map K — > M. We take for 
the coordinates on S{M) the derivatives Xi = fc(*)(0) for i > 0. We put y = xq, 
— log jx^l, and y"^ — Consider the cocycle of the Godbillon-Vey class cn. It 
is easy to check that we have 

Ci,i = a(ci,i) ^dyA dy^ A dy^. 
Applying the procedure of theorem 3.3 one could get 

c{C,,,)= log\h'ig{t)\d\og\g'{t)\, (4.16) 
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where f,g,h G DiffM. It is easy to see that the cohomology class of the cocycle 
c(Ci,i) given by (4.16) in the complex C*^^^ (Diff M, M) is independent of the choice 
of a; G M. 

Example 4.13. Let M be a closed oriented Riemannian manifold, 9 the form of 
the Levi-Civita connection, and v the volume form on M. For any g G D_|_, put 
^{g) = g*6 — 9 and define the function ^ by the condition g*v = fxv. Consider 
the cocyclcs ci,si...skj where si + ■ ■ ■ + Sk = n. It is clear that the cohomology 
clases of the cocycles ci,sj...sj. for all Si,...,Sk define a part of the cohomology 
iJ-2n+i(;^^ 0(n)). The Bott cocycle c(Ci,si...sJ ([4]) is defined by the following 
formula 

c(Ci,si...sJ = / Alt„ (log(At) tr(^i . . .^^J A • • ■ Atr{^si+...sk-i+i ■ --^n)) , 
Jm 

where gi . . . ,gn G -0+, gi — gi o . . . o gi, = ^{gi), and Alt„ is the alternation 
operator in l,...,n. By ([14]), the cocycle c{Ci,s-^...Sk), given by this formula, 
is obtained from the cocycle Ci^si...sk by the procedure of theorem 3.3. Hence, 
the cohomology classes of Bott's cocycles c{Ci^si...sk) linearly independent. In 
particular, all of them are nontrivial. 

Unfortunately, for the more complicated cocycles Cp^,,,pi^ri...rki ^ formulas 
as for Bott's cocycles are not known. 
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